We derive a nonsymmetrized 8-band effective-mass Hamiltonian for quantumdot heterostructures (QDHs) in Burt's envelope-function representation. The 8×8 radial Hamiltonian and the boundary conditions for the Schrödinger equation are obtained for spherical QDHs. Boundary conditions for symmetrized and nonsymmetrized radial Hamiltonians are compared with each other and with connection rules that are commonly used to match the wave functions found from the bulk k ·p Hamiltonians of two adjacent materials. Electron and hole energy spectra in three spherical QDHs: HgS/CdS, InAs/GaAs, and GaAs/AlAs are calculated as a function of the quantum dot radius within the approximate symmetrized and exact nonsymmetrized 8×8 models. The parameters of dissymmetry are shown to influence the energy levels and the wave functions of an electron and a hole and, consequently, the energies of both intraband and interband transitions.
I. INTRODUCTION
The 4×4 k ·p hole Hamiltonian for the wave function envelopes (so called effectivemass Hamiltonian), that takes into account mixing of the light-and heavy-hole bands, was obtained in Ref. 1 using the perturbation theory. This multiband Hamiltonian has been employed for description of the hole states in bulk crystals 2 as well as in low-dimensional structures, in particular, in free-standing homogeneous quantum dots (QDs) 3, 4 . The inclusion of the mixing with the spin-orbit split-off hole band leads to the 6×6 k ·p Hamiltonian which has also been applied 5, 6 to QDs. To consider the nonparabolicity of the electron dispersion in narrow-and medium-gap semiconductors, it is necessary to take into account the coupling of the conduction and valence bands. Using the k ·p perturbation theory for bulk semiconductors with cubic lattice symmetry, the 8×8 k ·p model was developed in Ref. 7. This model explicitly includes eight bands around the Γ point of the Brillouin zone, namely, electron, heavy-, light-, and spin-orbit split-off hole bands (each of them is twice-degenerate due to the spin), and treats all other bands as remote. Along with more simple models, the 8×8 k ·p Hamiltonian has been used to investigate different QDs (see, e. g. Refs. [8] [9] [10] [11] .
Recently, one has begun to apply multiband effective-mass Hamiltonians to investigate elastic, electronic, and optical properties of multilayer nanostructures such as quantumdot heterostructures (QDHs): CdS/HgS 11 , InAs/GaAs 12,13 , GaAs/Al x Ga 1−x As 14, 15 , and CdS/HgS/CdS/H 2 O 16, 17 . However, it should be emphasized, that multiband k ·p Hamiltonians are derived for homogeneous bulk materials, i.e. under the assumption that all effective-mass parameters are constant. This is important, because at a certain step of the derivation, wavenumbers k are declared as operatorsp/h that do not commute with the functions of coordinates. But, at the heterointerfaces of the multilayer nanostructures, there occurs an abrupt change of effective-mass parameters from their values in one material to those in the adjacent material. Inside a thin transitional layer that contains the heterointerface, the ordering of the differential operators and coordinate-dependent effective-mass parameters in the multiband Hamiltonian becomes crucial. In QDs with an infinitely high confining potential for electrons and holes, all components of the wave function vanish at the heterointerface, and there remains a possibility of applying the bulk multiband k ·p Hamiltonian straightforwardly. [3] [4] [5] [6] [8] [9] [10] [11] There are two ways to proceed from QDs to QDHs. (i) The first way is to use an appropriate bulk multiband Hamiltonian for each constituent material separately, and then to match the obtained homogeneous solutions at the abrupt heterojunctions applying the connection rules (CRs) that are usually obtained by imposing the continuity of the wave function envelopes and of the normal to the heterointerface component of the velocity. 11, 16 It should be underlined that this way is heuristic and nonunique. In Ref. 18 the general CRs, that even do not require the continuity of the wave function envelopes, have been proposed for planar heterostructures.
(ii) The second way (cf. Refs. [19] [20] [21] is to derive a multiband Hamiltonian valid for the entire heterostructure, including the heterointerfaces, and then, if material parameters change abruptly at some interfaces, to find the boundary conditions (BCs) for the solutions of the envelope function equation. To find these BCs, one should use the multiband envelope function equation Ĥ − E Ψ = 0 at any point of the heterostructure, including the heterointerfaces, and integrate this equation over the volume of an infinitely thin layer, which includes the considered heterointerface. Thus, the BCs are derived starting from the requirement of continuity of the components of the wave function at the heterointerface.
One can always choose the CRs physically equivalent to the BCs. 22 The both approaches (i) and (ii) are usually used when the wave function inside each layer of a heterostructure can be found analytically, for example in planar or spherical heterostructures. In case of an arbitrary shape of the heterointerface, the approach (ii) can still be used because, when the Hamiltonian is known for the entire heterostructure, one can find an overall numerical solution of the Schrödinger equation.
A commonly used heuristic method to obtain a multiband effective-mass Hamiltonian for heterostructures uses symmetrization [23] [24] [25] [26] [27] of the corresponding k ·p Hamiltonian. This method consists in the symmetrical arrangement of the components of the momentum operator, that ensures the hermicity of the resulting Hamiltonian. Namely βp → (β(r)p +p β(r)) /2 and βp ipj → (p i β(r)p j +p j β(r)p i ) /2, where β(r) is a spatially varying effective-mass or other material-dependent parameter which is usually considered a piece-wise constant, because in each layer of a heterostructure it has the value for a corresponding bulk material. The symmetrization has been applied to QDHs in Refs. 12,13,17. An essential fault of the symmetrization is that it is not a necessary condition for the multiband Hamiltonian to be hermitian. Besides that, as will be seen below, some intrinsic properties of the heterointerface, such as reducing the symmetry of the problem and smoothing the abrupt change of the effective-mass parameters at a heterojunction, are completely neglected in the symmetrized Hamiltonian.
Burt has derived 19-21 the exact envelope-function equations for a heterostructure. The order of the components of the momentum operator arises as a part of that derivation. This theory has been used by Foreman Comparing the conduction-and valence-subband dispersion of a planar quantum well, calculated using the BCs following from the exact nonsymmetrized and from the symmetrized effective-mass Hamiltonians, it has been shown that the former BCs give physically reasonable results, while the latter BCs can produce nonphysical solutions.
28,33
More recently, these two sets of BCs for a planar quantum well have been examined within the tight-binding approach. 34 The result of the comparison allowed to give preference to the nonsymmetrized model resulting from Burt's derivation of the envelope-function Hamiltonian, which was shown to give reliable results even when the well and barrier effective-mass parameters were very dissimilar.
In the present paper the envelope-function representation of Refs. 19-21 is used to construct the nonsymmetrized 8-band Hamiltonian for an arbitrary 3-dimensional heterostructure. As an application, the electronic structure of two-layer HgS/CdS, InAs/GaAs, and GaAs/AlAs spherical QDHs is investigated as a function of the dot radius.
It should be mentioned that the spurious solutions ("oscillating" 35 states and "gap" states 11, 35 ) did not become apparent in the aforementioned QDHs. However, such solutions may appear for a different set of parameters.
The results of the calculation are compared with those obtained from the symmetrized 8×8 Hamiltonian. The rest of the paper is organized as follows. In Sec. II the derivation of the nonsymmetrized 8-band Hamiltonian for a QDH is presented. The corresponding radial Hamiltonian for a spherical QDH is obtained in Sec. III. In Sec. IV the BCs for both symmetrized and nonsymmetrized radial Hamiltonians are compared with each other and with commonly used CRs. The results of the numerical calculation for spherical QDHs are obtained and discussed in Sec. V. Conclusions are given in Sec. VI. The 2×2 electron and 6×6 hole energy-dependent nonsymmetrized Hamiltonians for a QDH, as well as radial Hamiltonians and corresponding BCs for a spherical QDH are found in Appendix B from the nonsymmetrized 8-band Hamiltonians.
II. NONSYMMETRIZED 8-BAND HAMILTONIAN
We begin our derivation with the nonsymmetrized 8-band effective-mass Hamiltonian for a heterostructure, when the spin-orbit coupling is "turned-off". In the Bloch function basis |S , |X , |Y , |Z this Hamiltonian is represented in the following form
where
ξ and χ are called the dissymmetry parameters, because when ξ = 0 and χ = 0, the Hamiltonian (1) becomes symmetrical. The explicit form of the parameter ξ ≡ (v 1 − v 2 )/2 follows from the formulae (A1) and (A2) in Appendix A, and the parameter χ is determined by Eq. (7). When the spin-orbit coupling is "turned-on", the considered 8-band Hamiltonian is represented in the Bloch function basis |S↑ , |X↑ , |Y ↑ , |Z↑ , |S↓ , |X↓ , |Y ↓ , |Z↓ aŝ 
In Eq. (1), m 0 is the free-electron mass, E c =h 2 ε c /2m 0 is the energy of the conduction band (CB) minimum, E v =h 2 ε v /2m 0 is the energy of the valence band (VB) maximum, ∆ =h 2 δ/2m 0 is the spin-orbit splitting of the VB, and V =hv/2m 0 is the Kane velocity (V = −ih S|k z |Z /m 0 ). Contributions of remote bands to the hole effective masses are written in terms of the "modified" Luttinger parameters
Kane energy, and γ L i (i = 1, 2, 3) are the Luttinger parameters of the VB. Parameter α can be evaluated through the experimentally determined CB-mass m c using the relation
It is worth noting that all parameters entering the Hamiltonian (4) are coordinate-dependent. In a heterostructure these parameters abruptly change from their values in one material to the corresponding values in the adjacent material, therefore they are piecewise-constant functions of r. Although not symmetrical, the HamiltonianĤ 8 is hermitian as seen from Eq. (4). The parameters ξ and χ (see Eqs. (2) and (3)) are responsible for the nonsymmetrical form of the Hamiltonian (4). The symmetrized 8-band Hamiltonian can be obtained, therefore, taking ξ = 0 and χ = 0. In Eq. (3), γ + 3 is the contribution to γ 3 from the Γ 1 and Γ 12 remote bands, while γ − 3 is the contribution to γ 3 from the Γ 15 and Γ 25 remote bands. 29 Neglecting small contributions from the Γ 25 remote bands, the parameter χ(r) is determined as
i.e. it is explicitly defined by the effective-mass parameters of the bulk model. It is seen from Eq. (7) that in a homogeneous medium when γ i (r) are constants, χ(r) is also a constant, and therefore, it cancels from Eq. (1). Consequently, χ(r) is a specific function of a heterostructure, which gives a nonzero contribution to the Hamiltonian only at the heterointerfaces. The value of this contribution at the point r 0 of a heterointerface is proportional to χ(r 0 + e n ) − χ(r 0 − e n ), where e n is an infinitesimally small vector, normal to the heterointerface at the point r 0 . Parameters v 1 (r) and v 2 (r) of the Hamiltonian (1), which can be obtained from the general effective mass equations as derived by Burt 19 , are given in Appendix A. In the definition (2), the functions v 1 (r) and v 2 (r) are subdivided into the symmetric v(r) and antisymmetric ξ(r) parts, where ξ(r), like χ(r) above, is a specific parameter of a heterostructure. In general, ξ(r) is a piecewise-constant function of r. The necessary and sufficient condition for ξ(r) to give a nonzero contribution to the 8×8 Hamiltonian only at the heterointerfaces, and to become a constant in the homogeneous medium, simultaneously with v(r), is
where the coefficient of proportionality c ξ is constant over the entire heterostructure. Eq. (8) is the general form of ξ(r) only for a two-layer heterostructure. For an N-layer heterostructure, there can be N −1 independent constants -one for each heterointerface. Each constant for a given heterointerface can be found experimentally considering a two-layer heterostructure (see Sec. V). In order to diagonalize the spin-orbit Hamiltonian H so , it is convenient to carry out a unitary transformation of the Bloch function basis |S↑ , |X↑ , |Y ↑ , |Z↑ , |S↓ , |X↓ , |Y ↓ , |Z↓ into the following Bloch function basis
where u 
where U is the matrix of the transformation from the basis {|S↑ , |X↑ , |Y ↑ , |Z↑ , |S↓ , |X ↓ , |Y ↓ , |Z ↓ } to the new basis {u
U is defined by Eqs. (9) and (10) . Performing the transformation (11), one obtains:
where ε
In Eq. (12), daggers ( †) denote the hermitian conjugation, i.e.
. Unlike the bulk 8×8 k ·p Hamiltonian 9 where the matrix element C is zero, in the Hamiltonian (12) (13), this coupling arises because of the dissymmetry parameter χ, which can reduce, in this way, the symmetry of the problem. The Hamiltonian so obtained can be used to investigate electronic properties of quantum-well, quantum-wire, and quantum-dot heterostructures.
III. 8-BAND HAMILTONIAN FOR A SPHERICAL QDH
To study the electronic structure of spherical QDHs, the spherical approximation
, then the quantum states so obtained are correct to the first order of the perturbation theory. Using the relations between the Luttinger parameters γ L i and the "modified" Luttinger parameters γ i we have
and according to Eq. (7)
In spherical QDHs, where all effective-mass parameters depend only on the absolute value r of the radius-vector, electron and hole states are eigenfunctions of the total angular momentum j and its z-component m ≡ j z . Therefore, the electron or hole wave function can be written as a linear expansion in the eight Bloch functions u
where the envelope functions F c(v);j,m J,µ (r) are defined in the chosen Bloch function basis (9), (10) as
Here, R 
where the 8×8 matrices Y (r), for a given j, can be found by comparing Eq. (18) with Eqs. (16) and (17) . Now, integrating over the angular variables θ and φ, it is possible to obtain the radial Hamiltonian
corresponding to the radial Schrödinger equation
where E j is the electron or hole eigenenergy to be determined, b = c or v. The Hamiltonian (19) does not depend on m, because within the spherical approximation the energy spectrum is degenerate with respect to the z-component of the total momentum. After some algebra, we derive the following relations for the spherical harmonics:
Using the relations (21), the radial Hamiltonian (19) can be obtained in an explicit form.
If we choose the following order of the radial functions: R c;j
, then the 8×8 matrix of the HamiltonianĤ j takes the formĤ
Here,Ĥ
(1) j is the 4×4 Hamiltonian of the "even" states andĤ
is the 4×4 Hamiltonian of the "odd" states. It is seen, that the parity p (p = 1 for even states and p = −1 for odd states) is conserved in the spherical approximation, even when the Hamiltonian is not symmetrized. The obtained radial HamiltonianĤ 
Introducing the operator
we can represent
Inside each spherical layer, the radial Hamiltonian (24) for a spherical QDH coincides with the bulk radial Hamiltonian from Ref. 9 for a spherical QD, when the following denotations for the radial functions are used:
Therefore, in order to find the radial wave functions R c(v);j J,l inside each spherical layer, one can use the same technique as in Ref. 9 . When the wave functions inside each spherical layer are known, the BCs should be applied to match the wave functions from two adjacent layers.
IV. BOUNDARY CONDITIONS FOR A SPHERICAL QDH
When considering the multiband models for planar heterostructures, the BCs for the wave function are often obtained by integrating the Schrödinger equation across the heterointerface and assuming the continuity of the wave-function envelopes. 36, 23, 19 . The resulting BCs are of the following form:
where A and B are two materials separated by the heterointerface z = 0, andĴ z is the normal to the heterointerface component of the current operator. The aforementioned integration is actually justified only for Burt's envelope-function equations, because only these have been shown to be valid at the heterointerface. Analogously to the case of planar heterostructures, for spherical QDHs one integrates the radial Schrödinger equation
is defined by Eq. (24) and E (p) j is the eigenenergy. This integration is carried out across the point r = a, where r = a is the spherical heterointerface that separates two materials: A (at r < a) and B (at r > a). Including the continuity of the radial wave function R (p) j , the required BCs have the form:
.
Here the radial component of the current operatorĴ (22)); the rest of the terms are set to zero; the result is multiplied by 2i/h. Thus we find
While the radial HamiltonianĤ It is important to compare the obtained BCs (31), (32) with the commonly used CRs that the wave function and the normal component of the velocity are continuous at the heterointerface 11, 16 . The velocity operatorV is defined aŝ
where the HamiltonianĤ has been determined earlier by Eq. (12) . Therefore, the normal component of the velocity operator is obtained as follows:
The differentiation of the Hamiltonian can be realized in such a way that
whereV
HereĤ L (Ĥ R ) denotes the Hamiltonian, in which the right(left)-hand operatorsk + ,k − , andk z are treated as c-numbers, i.e. only the left(right)-hand operatorsk + ,k − , andk z are differentiated. Using the explicit form of the HamiltonianĤ (see Eq. (12)), one finds thatV L r can be obtained multiplying by 1/h the HamiltonianĤ, in which all the left-hand operatorsk + ,k − , andk z are replaced by n + , n−, and n z , correspondingly, while all the terms that do not contain the former operators are set to zero. It can be also shown that
where the operatorτ draws all effective-mass parameters through the operatorsk + ,k − , and k z to the utmost right-hand positions. The radial velocityV
is obtained fromV 
whereĴ (p) j has been defined by Eq. (32). Using Eqs. (37), (40), and (39) one obtainŝ
Considering the explicit form of the matrixĴ
we see that all the terms, containing parameters ξ and χ, responsible for the nonsymmetrical form of the Hamiltonian, cancel. Consequently, we obtainV
If all the effective-mass parameters are piecewise-constant functions of r, then at any point of the heterostructure except the spherical heterointerfaces, we can replaceτ by 1, and therefore
It is clearly seen now, that the commonly used CRs for spherical QDHs 11, 16 are the same as BCs (31), (32) obtained from the symmetrized Hamiltonian (ξ = 0, χ = 0). LikeĴ (p) j , the radial component of the velocity operator (42) is not hermitian whenτ = 1. Therefore, in order to prove that both current and velocity are conserved simultaneously, we should verify whether the real parts of the current density and of the velocity density are the same, i.e. we should check whether the equality (44), we see that all the terms containing the parameters ξ and χ cancel, because their contribution to the current density is purely imaginary. Therefore, in conformity with Eq. (43), the equation (44) is proven to be fair.
V. RESULTS OF THE CALCULATION AND DISCUSSION
In this section we investigate the electronic structure of three spherical QDHs with different values of the energy gaps: a zero-gap semiconductor embedded into a wide-gap semiconductor (HgS/CdS), a narrow-gap semiconductor embedded into a medium-gap semiconductor (InAs/GaAs), and a medium-gap semiconductor embedded into a wide-gap semiconductor (GaAs/AlAs). Note that in these widely used experimentally relevant materials, the effective-mass parameters are substantially different. The bulk 8-band parameters of the used III-V and IV-VI materials are listed in Tables I and II , correspondingly. For electron and hole levels, obtained within the spherical 8-band model, we use a common notation: nQ (e) j denotes an electron state and nQ (h) j denotes a hole state, where n is the number of the level with a given symmetry and Q = S, P, D, . . . denotes the lowest value of the momentum l in the spherical harmonics of Eq. (18) in front of the CB Bloch functions for an electron state and in front of the VB Bloch functions for a hole state, i.e. Q = j − p/2 for an electron and Q = min(j + p/2, |j − 3p/2|) for a hole.
A. Electron energy levels
The electron energy levels of the HgS/CdS, InAs/GaAs, and GaAs/AlAs QDHs are depicted in Figs. 1-3 , correspondingly, as a function of the quantum dot radius a. The value of the spin-orbit splitting of electron energy levels is small (≈ 3 meV) for all considered QDHs (see Table III and Appendix B). Therefore, only the lowest level of the pair of split levels is shown in Figs. 1-3 . For all examined QDHs, the lowest level of such a pair is the level with the least total momentum j.
Analyzing Figs. 1-3 we arrive at the following empirical formula, which determines the energy shift of all electron levels with n = 1 when a nonzero value of the parameter χ is considered:
Here the indices "1" and "2" denote interior and exterior materials, correspondingly. For n > 1 the value of this shift is much smaller, than for n = 1. It is seen that the shift E e − E e | χ=0 is about 16 meV for HgS/CdS (a = 2 nm) and about 4 meV for InAs/GaAs (a = 4 nm) and GaAs/AlAs (a = 3 nm) QDHs (see Table III ). As provided by Eq. (45), the value of this shift is inversely proportional to the square of the quantum dot radius. Consequently, for large QDHs one can use with high accuracy the symmetrized with respect to χ Hamiltonian, and the expression (45) is the measure of accuracy. If χ 1 < χ 2 , then the nonsymmetrized energy level lies higher than the symmetrized one (see Figs. 1, 3) , and if χ 1 > χ 2 , then the nonsymmetrized energy level lies lower than the symmetrized one (see Fig. 2 ). Gray bands in Figs. 1-3 reflect the change of the parameter c ξ (see Eq. (8)) from 1 to −1. The chosen interval includes the following specific values of c ξ : c ξ = 0 (symmetrized Hamiltonian) and c ξ = ±1 (see Appendixes A and B). With such a change of c ξ , the electron energy increases in Figs. 1, 2 and decreases in Fig. 3 . Therefore, the shift of an energy level with n = 1 with respect to the level position when c ξ = 0 can be estimated by the formula:
where we take into account Eq. (8) and the fact that v 1,2 ∼ E p,1,2 . E p is the Kane energy (see Tables I and II ). For n > 1 the shift E e − E e | c ξ =0 becomes much smaller, than for n = 1. The parameter b in Eq. (46) decreases with increasing a and with increasing the energy gap in the interior material. Such a behaviour of the parameter b is connected with the fact that it is proportional to the value of hole radial components of the electron wave function at the heterointerface. It is clear now that the observed strong dependence of the energy levels in the HgS/CdS QDH on c ξ (see Fig. 1 ) is due to the large value of the difference E p,1 − E p,2 and to the zero energy gap in HgS. For two other QDHs the dependence of the energy levels on c ξ is a few times weaker, than that for the HgS/CdS QDH.
Hence, Eqs. (45) and (46) allow us to estimate corrections to the eigenenergies due to the replacement of the heuristic symmetrized Hamiltonian with the nonsymmetrized Hamiltonian avoiding complicated calculations. It follows from Eq. (45) that such corrections rise with decreasing the quantum dot radius as 1/a 2 . Therefore, one should use the nonsymmetrized Hamiltonian for description of quantum dots with small radii.
B. Hole energy levels
All the hole energy levels of S-and P -types in the HgS/CdS QDH, with j = 3/2 in the InAs/GaAs QDHs and with j = 3/2 in the GaAs/AlAs QDHs are depicted in Figs. 4, 5 and 6, correspondingly, as a function of the quantum dot radius. It is seen from these figures that the empirical formula (45) holds for hole levels, too, i.e. for a nonzero value of χ, the hole energy levels shift in the same direction as the electron energy levels do. For the HgS/CdS QDH (a = 2 nm) the shift of the hole ground state level is about 9 meV, what is smaller than the shift of the electron ground state level. At the same time, for InAs/GaAs (a = 4 nm) and GaAs/AlAs (a = 3 nm) QDHs the shift for the hole ground state level is almost the same as that for the electron ground state level (see Table III ). For the higher hole levels (n > 1) the value of the shift under consideration decreases with increasing n much weaker than it does for the electron levels.
The dependence of the hole levels on the parameter c ξ is substantially different from such a dependence for the electron levels. The formula (46) can be approximately applied here only for the level 1S (h) 3/2 , which is the hole ground state energy for all examined QDHs. It is seen that this energy level strongly depends on c ξ even for InAs/GaAs and GaAs/AlAs QDHs. All the other hole energy levels under analysis depend on c ξ very weakly, and such a dependence is revealed only in Fig. 4 for the HgS/CdS QDH.
C. Electron and hole wave functions and pair energies
In Figs. 7, 8, and 9, the S-components of the radial wave functions of the electron ground state (1S (e) 1/2 ) and of the hole ground state (1S (h) 3/2 ) are depicted for HgS/CdS (a = 2 nm), InAs/GaAs (a = 4 nm), and GaAs/AlAs (a = 3 nm) QDHs, correspondingly. It is seen that in all these QDHs, the hole density in the interior material is higher than the electron density, and the electron density is higher in the exterior material. It is also seen that when c ξ changes from 1 to −1, the electron density in the centers of the HgS/CdS and InAs/GaAs QDHs increases and the hole density decreases. The opposite trends of behavior of the electron and hole densities are observed in the center of the GaAs/AlAs QDH. The abrupt change of the derivative of the electron radial component with the change of c ξ is well seen at the heterointerfaces of all QDHs under consideration. At the same time, the derivative of the hole radial component changes smoothly. The contribution of the hole radial components to the density of the electron state (at c ξ =0) is as high as 33 % for HgS/CdS, 20 % for InAs/GaAs, and 14 % for GaAs/AlAs QDH. Such contributions show that the nonparabolicity of the electron dispersion law is substantial even for the QDs of the medium-gap semiconductors (GaAs) and certainly should be taken into consideration when the QDs of the narrow-gap semiconductors (InAs) are investigated. The contribution of the electron radial component to the density of the hole state (at c ξ =0) is 6 % for HgS/CdS, 1 % for InAs/GaAs, and 1 % for GaAs/AlAs QDH. This fact leads to the conclusion that the additional nonparabolicity of the hole dispersion law connected with the influence of the conduction band can be neglected for both narrow-and medium-gap semiconductor QDs.
Taking into account the principal role of the dissymmetry coefficient c ξ , one can evaluate the influence of this parameter on the observable effects. With this purpose we calculate the lowest electron-hole pair energies as a function of c ξ for all QDHs under consideration (see Fig. 10 ). It is seen from Fig. 10 that when the parameter c ξ changes from −2 to 2, the corresponding energy differences E e−h (c ξ = 2) − E e−h (c ξ = −2) constitute −175 meV for HgS/CdS (a = 2 nm), −15 meV for InAs/GaAs (a = 4 nm), and 20 meV for GaAs/AlAs (a = 3 nm) QDHs. These differences should be quite accessible for the experimental detection.
VI. CONCLUSIONS
The exact nonsymmetrized 8-band effective-mass Hamiltonian for an arbitrary 3-dimensional heterostructure has been obtained using the Burt's envelope-function representation. The 2×2 electron and 6×6 hole energy-dependent Hamiltonians have been deduced. Within the spherical approximation, the 8×8, 2×2, and 6×6 radial Hamiltonians and the necessary BCs have been derived for spherical QDHs. The boundary conditions for radial symmetrized and nonsymmetrized Hamiltonians are different and lead therefore to different energy levels and wave functions. We have shown, further, that the CRs, which are commonly used to match the solutions of the appropriate bulk k ·p Hamiltonians, coincide with BCs for the symmetrized Hamiltonians. A theoretical estimate for the value of the spinorbit splitting of electron levels has been found. The energy levels of the nonsymmetrized 8-band Hamiltonian have been calculated as a function of the dot radius for three spherical QDHs: a zero-gap semiconductor embedded into a wide-gap semiconductor (HgS/CdS), a narrow-gap semiconductor embedded into a medium-gap semiconductor (InAs/GaAs), and a medium-gap semiconductor embedded into a wide-gap semiconductor (GaAs/AlAs). It has been demonstrated that parameters of dissymmetry χ(r) and ξ(r), giving nonzero contribution to the multiband Hamiltonians only at the heterointerfaces, have, nevertheless, a strong effect on the electron and hole spectra. Thus, for practically important cases of relatively small QDHs with noticeably different effective-mass parameters of the constituent materials, the use of the obtained Hamiltonian is necessary for the adequate description of experiment.
To obtain Eqs. (2)) and c ξ = 1 (see Eq. (8)). When materials constituting the heterostructure have close parameters, the second term in the r.h.s. of Eq. (A1) and the r.h.s. of Eq. (A2) are small compared with the first term in the r.h.s. of Eq. (A1). In this case ξ does not differ significantly from v, and c ξ is close to 1. In a general case of disparate materials, c ξ can take arbitrary values.
APPENDIX B: ENERGY-DEPENDENT SEPARATE HAMILTONIANS FOR ELECTRONS AND HOLES
For narrow-gap semiconductors, the accurate way to take into account the coupling of conduction and valence bands, is to consider the 8-band Hamiltonian. However, sometimes it is easier to solve a CB or VB Schrödinger equation with energy-dependent effectivemass parameters. Solutions of these equations are just an approximation to the results of the 8-band model. In what follows, we deduce the 2×2 energy-dependent Hamiltonian for an electron and the 6×6 energy-dependent Hamiltonian for a hole from the exact 8-band nonsymmetrized effective mass Hamiltonian. We start with the nonsymmetrized 8-band HamiltonianĤ defined by Eq. (12) . The wave function Ψ, i.e. a vector of eight envelope functions Ψ 1 , . . . , Ψ 8 is an eigenfunction of the matrix Schrödinger equationĤ
where E is an eigenenergy. To find the CB Hamiltonian, one should treat all VBs as remote. Therefore, we should exclude all VB envelopes, i.e. Ψ 3 , . . . , Ψ 8 , from Eq. (B1). As seen, this exclusion is possible only within the approximation γ 1 = 0, γ 2 = 0, and γ 3 = 0, in other words, when the contributions to the hole effective-mass parameters from the remote bands (all bands except two CBs and six VBs) is negligible. This is a very close approximation, because the parameters γ 1 , γ 2 , and γ 3 are small for almost all materials and, determining contributions to the VB, they certainly have small influence on the electron levels. Under this approximation χ = −1/3 (see Eq. (7)) and it cancels from the Hamiltonian. Another necessary approximation is c ξ = −1, i.e. ξ = −v, and therefore v 1 = 0, v 2 = 2v (see Eqs. (8) and (2)). This is the only approximation that does not lead to the discontinuity of CB envelopes Ψ 1 and Ψ 2 at the heterointerface. Now we can express six VB envelopes Ψ 3 , . . . , Ψ 8 in terms of two CB envelopes Ψ 1 and Ψ 2 using the last six equations of the set (B1). This procedure results in
Ψ, i.e. vectors of eight envelope functions Ψ 1 , . . . , Ψ 8 are orthonormalized. The envelopes Ψ 1 and Ψ 2 are neither orthogonal nor properly normalized. When the nonparabolicity is not strong, in other words, when m c (ε) only weakly depends on the energy, it is possible to choose one appropriate value of the energy, e. g. ε 0 , to find m c (ε 0 ) and g c (ε 0 ), and to substitute them into the Hamiltonian (B3). In such a way one obtains the Hamiltonian H e (ε 0 ). The eigenfunctions Ψ 1 and Ψ 2 of this Hamiltonian will be orthonormalized and the rest six envelopes will be no longer needed.
b. CB Hamiltonian and BCs for a spherical QDH
The radial CB HamiltonianĤ
e,j for spherical QDHs can be derived from the Hamiltonian (B3) by the same way as the radial Hamiltonian (24) has been obtained from the Hamiltonian (12) in the spherical approximation (see Sec. III). Thus we find
and the operator ∆ 
where ∆ l is the spherical Laplacian and m c,i (ε) is the energy-dependent CB mass of the i-th material. Further, one should solve the Schrödinger equation with the Hamiltonian (B8) for each spherical layer and match the obtained solutions at the spherical heterointerfaces using the BCs (31) (see Sec. IV). The radial component of the CB current operatorĴ
e,j is obtained from the Hamiltonian (B6) by the same way as the radial component of the current operator (32) has been obtained from the Hamiltonian (24) . Thus,
In a two-layer spherical QDH the electron energy depends on the difference g c,1 (ε)−g c,2 (ε) (as seen from the BCs (31), (B9)), where the indices "1" and "2" denote the interior and exterior materials, correspondingly. The value of this difference is usually very small for typical QDHs. Therefore, in the first approximation, one can find the energy spectrum E l (l = j − p/2) neglecting the term proportional to p(j + 1/2 − p) g c,1 (ε) − g c,2 (ε) in the BCs.
Then, including this term as a perturbation, one finds the energy spectrum E j l . It is seen that the energy levels with l = 0 remain unchanged, while each energy level E l with l ≥ 1 splits into two levels: E l+1/2 l and E l−1/2 l . For the electron levels that are not very close to the CB minimum (it is the case for the QDHs under consideration), the following estimate can be obtained
where ε l = 2m 0 E l /h 2 . In Table III we have used Eq. (B10) to estimate the spin-orbit splitting of the lowest P and D levels. It is seen that the value of the splitting of the electron levels is of the order of 3 meV in all considered QDHs, and therefore this splitting can be neglected. This fact does not imply that the dependence of the parameters of the CB Hamiltonian on the energy can be neglected, too. As seen from Table III , the electron effective masses in QDHs can differ by a factor of 2 from their values in the corresponding bulk materials. The deduction of the VB Hamiltonian is analogous to the deduction of the CB Hamiltonian with the only difference: one should treat two CBs as remote. In order to express the CB envelopes Ψ 1 and Ψ 2 in terms of the VB envelopes Ψ 3 , . . . , Ψ 8 and to exclude them from the Schrödinger equation (B1), one should apply the approximation α = 0 and c ξ = 1. This approximation has the same grounds as the approximation used above to obtain the CB Hamiltonian. Now, we express the CB envelopes Ψ 1 and Ψ 2 in terms of the VB envelopes Ψ 3 , . . . , Ψ 8 from the first two equations of the set (B1) and substitute them into the last six equations of the same set. As a result we have the VB HamiltonianĤ h , which coincides with the HamiltonianĤ (see Eq. (12)) where the first two rows and the first two columns are deleted and the effective-mass parameters are changed in the following way:
Here, γ L i (ε) are the energy-dependent Luttinger parameters. In conformity with Eq. (7), one should change the parameter of dissymmetry χ as follows
As a result of the change (B12), the parameter of dissymmetry increases (see Table III ), therefore the results of the symmetrized Hamiltonian (with χ L = 0) will deviate sharply from the exact solutions. The parameters γ L i usually weakly depend on the energy. Consequently, to obtain the hole spectrum one can use the HamiltonianĤ h (ε 0 ), where ε 0 is an average hole energy. Tables I and II) is given in parentheses.
c The result of the empirical estimate E e(h) − E e(h) χ=0
The difference χ 1 − χ 2 for the 8-band model (see Tables I and II) 
All the discrete electron energy levels in the HgS/CdS QDH as a function of the quantum dot radius. The P 
